have been used to construct noncommutative Noetherian rings of finite global dimension by Robson [R2, §2] , by Stafford [St] and by the authors [KK2] .
We begin by noting that a fibre product R can be thought of as the standard pullback R = {(r h r 2 ): j\(r\) = j 2 (r 2 )}, a subring of R\ ®R 2 , with the maps ij: R -• Rj given by ij(r\, r 2 ) = rj, j = 1,2. Moreover, if A is a subring of a ring B and Q is an ideal of B, Q < A, then the diagram A > A/Q I 1 B > B/Q with the obvious maps, is a Cartesian square. Greenberg [Gl and G2] has studied the case where B is a commutative, flat epimorphic image of A, and Q is ,4-flat (including the "D + M construction", see Dobbs [D] ). Two important examples of rings of finite global dimension can thus be regarded as fibre products: the trivial extension (see [PR] ) A = R\κM (which can be regarded as a subring of the triangular matrix ring B - (o jί) with common ideal Q = (Q^)) and the subidealizer R in S at Q (see [R2] ) (where R can be regarded as a subring of B = II«2), sharing the ideal Q).
We begin by stating Wiseman's upper bound and our generalization of it. THEOREM 1. [W, 
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Proof. The projective resolution (*) of M gives rise to a sequence of short exact sequences: We state Theorem 2 in the "shared ideal" case, where it can be regarded as a change of rings theorem; it bounds the global dimension of A by the maximum of two quantities: one involving a homomorphic image of A and the other involving an overling of A. Both quantities are similar to those in other change of rings theorems: the quantity involving the homomorphic image of A is the same as that in Small's change of rings theorem [SI] , and the quantity involving the overring B can be compared to the McConnell-Roos Theorem [see Rot, Theorem 9.39, p. 250]. than when the common ideal is flat; they are symmetric algebras R n = S (M) where M = βW = β θ θ β, over Z. Carrig was able to show that gldimi? n < n + 1 by showing that wdim(R n ) = n (where wdim stands for the weak or Tor dimension) and then using Jensen's lemma [Je] and the fact that R n is countable to conclude that gldim(i? Λ ) < n + 1.
From this we conclude that
for any Dedekind domain D (not necessarily countable) with quotient field K, Corollary 4 shows that gldim(i? Λ ) < n + 1 taking A = R n , B = K [xι,...,x n ], Q = (*i,...,x n )Jφ:i,...,* Λ ], and fd(yί/β)^ = «, gldim(^4/β) = 1, gldimi? = n, and fd(i^) = 0. Using chain conditions, Carrig notes that gldimi?i = 2 (since R\ is not Noetherian) and gldimi?2 = 3 (since i?2 is not coherent); he conjectures that gldimi? rt = n + 1, which we will prove using generalizations of two change of rings theorems. Our proofs follow those of Kaplansky [K] , The original theorems concern the change of rings from A to A/xA where x is a central regular element of A; our generalizations concern the change of rings from A to A/xB where xB is a shared ideal between A and a flat epimorphic image B. Proof. By remarks above, it suffices to show n + 1 < gldimi? π , which will be shown inductively. We know that gldimi?! = 2, and it is not hard to show that pd (K[x\] Since B is a flat epimorphic image of A we have m < rgldim(^4); since Q is an idempotent, projective left yί-module, n < rgldim(v4) by [F2] . As in [G2, Proposition 3.11] , note that B is isomorphic to a right ideal of A> and hence by [W, Proposition 3. 
